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Answer all of part A and two questions from part B. An indicative marking scheme is
shown in square brackets [ ] after each part of a question.

Useful information:

SOLUTIONS
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Section A: Questions 1 to 2. Answer all questions.

Note to marker: Any missing constant in an indefinite integral will result in a loss of

half of a mark for that question, or part thereof.

n=4

1) a) Write down all the terms in the series Z:(n2 + 1) X"

n=0
4
(n2 +1)x” — 142X+ 52 +10X° +17x*.
n=0

n

b) Write down the first four terms of a Taylor series expansion for the

function f(x) about a point a.

f”(x—a)2 f(x— a)

f(x)=f,+f/(x-a)+-= 5 + 3

C) Write down the first four terms of a Binomial series expansion for the

function f (x)=(1+x)".

(1+x)" =1+nx+ X 31

d i) (3+2i)—(3-6i)=0+8i.
i)  (1-i)(1+i)=2

iy (=20 (- 2')(2 ) ~Lomi-4ivait)=-
( i) (2+i) (2-)
iv) - :leine_i4_%el3n/4
3¢
e) i) Write (1+2i) in the form re" .
r=v1’+2> =45
tan@ =2
0 =1.107 radians (63.43 degrees)
So (1+2i)=~/5"""",

ii) Write (1—1i) in the form r(cos6 +isin6).

r=vi2+12 =2

tand = —
0 = —rx /4 radians (-45 degrees)

) (l—i):x/ze*””4 :ﬁ(cos%ﬂsin%).

n(n—1)x> L N(=(n— 2)x°

iif)  Write \/geig in the form (a +bi). Draw this on an Argand diagram.

IE - . -
Ve = \/g(cos%ﬂsm%) =1.5+%i,
Solution continues on next page...
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Figure 1: Argand diagram corresponding to the complex number in Question 1 part () iii.

[10]

3

2) a) I(x2+1)dx:x?+x+c.

b) _[_41dX:cos‘1 x+C.

V1I=x?

c) Isin(an)dx :;—;cos(an)+C.

d) .[e”tdt:_ie‘“JrC —_Lenic,
i1 A

1
dt = ——ln|cos7zt| +C.
cos zt T

J- sin szt

f) J‘%dx by partial fractions.

S5x—1 _ A N B
(x=1)(3x+1) (x-1) (3x+1)
_AGX+1)+B(x—1)
- (x=1)(3x+1)
S5x—1=ABx+1)+B(x-1),
soif x=1, 4=4A, so A=1, and
if x=-1/3, £=-4B, soB=2. Thus
5x—1 1 2
I(x—l)(3x+1)dX_I(x—1)+ (3x+1)dx

=In|x—1]+2In|3x+1|+C

[10]
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Section B: Questions 3 to 5. Answer two questions only.

3) a) Integrate the following function by parts

f(x)=xe™

where y is a constant.
| = I xe "™ dx , so we integrate by parts, taking
u=X
du
o
N i
dx

1

v=—eg"
7
So,
| = j xe "™ dx
= Xgrin —Lj e dx
Ve 7

. . \2
— Ke—iyx _ (Lj e—iyx + C
v Y

—g ™ (LJFK}LC

2

/A4
[9]
b) Using the result obtained in part (a), calculate the definite integral
I :J.xe’zxdx, so y=2/i
0
| = J' xe > dx
0
oo
L rori
— _e—2x (14_1)
L 4 2 0
=[-e7(0.25+0.5x00) +€°(0.25+0) |
=0.25
[6]

Total For Question 3 [15]
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4) a) Two competing quantum mechanical amplitudes for the process of an initial state
|i> decaying into a specific final state | f> are

A =ae"

A, =be"
where the total probability amplitude A is given by A + A,. Calculate the total
probability for |I> to decay int0| f>, which is given by AA”.

AN = (A +A)A+A)
= AR EAR AR AN
— a2ei(¢ﬁ—¢1) + b2ei(¢z—¢z) + abei(ﬂ—%) + abei(fﬁz—ﬂ)
=a’ +b”+abe'% ) 1+ gbe'®»
=a’+b’+ ab[cos(¢1 —¢,)+isin(g, —¢2)] + ab[cos(¢2 —¢,)+isin(g, —¢1)]
=a’+b’+2abcos(4 - ¢,)
As cos(8)=cos(—8), and sin (@) =—sin(-0).

[5]
b) Calculate the total probability given that
1 iz/4
=—¢€
ARG
1 o
=—¢
R

Give your answer in terms of real and imaginary parts. Here, the variable @ has a
value between 0 and 2 .

AA" =a’ +b’ +2abcos(4 — b))

1 1 T
=—+—+cos| 0——
2 2 4
:1+c0s(6’—£j
4

b . )
=1+cos Z— @ | as cosine is an even function.

Where

Re(AA*):1+cos(6—%j=1+cos(%—6j

Im( AA’ ) =0
as the total probability is a real quantity.

and

[4]

Solution continues on next page...
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c) Sketch the distribution of the real and imaginary parts of the total probability as a
function of @ (See Fig. 2).
REAL: The initial value is

1+cos(7/4)=1++/2/2=1.7071 (4 d.p.)

and the maximum occurs at 8 = e Prob =2, and the minimum occurs at

0= 577[, Prob=0.
IMAGINARY:: Probability is real, so Im(Pr)=0.

[ 1+cos(x-7.85398163307448279a-01) |

2
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Figure 2: The (top) real and (bottom) imaginary parts of the total probability AA"
calculated in Question 4 (b).
[6]

Total For Question 4[15]
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5) The number of nuclei in a sample of a radioactive material is given by
N()=Ne™,
where N, is the initial number of radioactive nuclei, t is time and A is the decay constant
of the isotope.

a) An experiment is started at a time t = 0 with Ny radioactive nuclei. Write the
first four terms of a Maclaurin series expansion for N (t) .

The Maclaurin series for an exponential is
2 3

e =l+X+—+—+...
2! 3!

S0,
N o A A’
N(t) ~ N{H( At) + Y + 3
2 3
)
2 6
[5]
b) Using this result, estimate the fraction of nuclei that decay after a time In2/A
which is given by
— N (2
NO=NGH ,soas N(0)=N,,
N(0)
2 3
Ny 1 202
N(0)-N() _ 2 6
N (0) N,
2 3
=t— @ + @
6
2 3
o (In2) N (In2)
6
=0.69315-0.24023+0.05550
=0.5084 (4 d.p.)
[5]
C) The radioactive isotope '**Eu has a decay constant A=1.69x10" s. Using the

series expansion obtained above, estimate how many **Eu atoms are
remaining after 13 years, if there are 10° atoms initially.

A=1.69x10"
t =13 years = 13x365x24x3600 (s) = 409968000 (s)

S At=0.69285.

Solution continues on next page...
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N(t) ~ N, gty A7 (A"

6
=N, (1-0.69285+0.24002 — 0.05543)
=0.4914N,
=4.914x10°

So approximately 4.914x10° atoms remain after 13 years. In fact, the half life of
2By is 13 years.
[5]

Total For Question 5 [15]

End of Examination Paper Dr A. Bevan
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