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11 Solutions: Differentiation I

1) Differentiate the following functions with respect to x:

i) % (cos(mz)) = —msin(nz)
ii) % (sin(mzx)) = 7 cos(mx)
iii) % (tan(rzx)) = 7sec?(mx)

iv) dix (2In(ax)) = %

v) d%( (ae® +1) = abe®™
d

. (B(z" + 2)?) = 2B(anz®* "' +1)(2°" + )

vi)

2) Differentiate the following functions in parts (i) to (v) with respect to z, and
for part (vi) you need to differentiate with respect to ¢:

. d
l)&

(x cos(mx) + ) = cos(mx) — wa sin(wx)

ii) % (2? sin(mz)) = 2xsin(7z) + 72° cos(mz)

tan(mrax)

iii) di (Inz tan(wz)) = + 7 In 2 sec®(mx)
X

d

iv) — (Ba?e™) = 3 (20e™ + mze™)
dx

V) di (Sin(x)e(bx2+6x+d)> — COS([I]’)G(bfL’zJ"CZJ’_d) + sm(ac)(ng; + c)e(bx2+llm+d)
X

(2t2 + 3t)

d o »
vi) - ((26% +30)sin™ (1)) = (46 +3)sin ™" () + e
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3) The following quotients are differentiated with respect to a:

i) d [ cos(mz) \ _ — (322 + 2z)7sin(rz) — cos(rx)(6x + 2)
dx \ 322 +2z ) (322 4 22)2
31: tan(x) — x° sec?(x)
tan(x tan?(z)

i) i zlnz _ (nz+1)(32% 4+ 22+ 5) — xInz(6z + 2)
dx \ 322 +2x+5/) (322 + 22 + 5)2
i Ba? _ 2Bx(1 4 €™) — frae™
Va3 +em ) (1+ em)2

v) d (sin(z)) _ cos(x)eb® — bsin(x)eb®
dx ebx - e2bx

; d (21: T 395) (42 + 3)sin~ ! (x) — %

vi) — =

dx \ sin™!(z) (sin™!(x))2

4) Tmplicity differentiate the function y? + 2zy + 23 = 0 with respect to z:

i(yz—i—lry—l—x?’) =0

dx
dy dy
2yd—+2y+2xd +322=0
dy 2
2 = o (32242
(@ +y) 5= = -7 +2y)
d_y__(3x2+2y)
dx  2(z+vy)

5) Evaluate & for the parametric equation z = 362 + 2, y =0+ cosb.
dx

j—z = 1—siné
dx

W - 660

dy  dydd
dx  dfdx
dy  dy dx
dx — df’'de
dy 1—sinéd

dx 66
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6) Find the equation of the tangent and normal to the curve z = 6% + 26,
y = 50sin(nl) at the point 0 = %

The tangent is given by y = ma — (mz1 — y1), and the normal is given by

y==x—(Zz; —y1). So:

_dy
m= &|e:1/3
dy dydd
dx — dfdx
dy .
0= 5sin(nd) + 576 cos(md)
dx 9
- 30+ 2
dy  5sin(n) + 576 cos(76)
dx 362 + 2

At 0=1/3, m=>5(3V3+m)/14 ~ 2.978 (3d.p.).

P 0.7037(4d.p.)
y1 = 1.4434(4d.p.)

The equation of the tangent to the curve is
y = 2.978x 4+ 3.5390
and the equation of the normal is

y = —0.3358z + 1.2071

7) Show that y = Asin(mz) + B cos(mz) is a solution to the equation 32752' = ay,

and determine the value of the constant a.

y = Asin(nz) 4+ Bcos(nz)

d

Yoo g4 cos(mz) — B sin(wx)

dx
d2
—}2, = —n?Asin(rz) — 7%B cos(mx)
dx
d2%y 9
-y _r
dx? Y

so the function y is a solution to the equation with a = —n2.

8) Find the angle between the tangents of the curves y = 22 +2 and y = x + 4
at the point of intersection of the curves which has the largest value of y. The
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point of intersection is given by 22 4+2 = 2+4, s0 (z+1)(z—2) = 0. Atz = —1,
y=3,and at z =2,y = 6. Fory = 2% + 2,

j—z =2z =4(forz = 2)
arctan (j—i) = angle 6 between the tangent and x — axis
6 = arctan(4) = 75.96°
Fory=x+4
d
d—}y( -1
0 = arctan(l) = 45°

The angle between the tangents of the two curves at = = 2 is 30.96°.

9) Evaluate the first and second derivatives of y = a:sin(mwz)e™ ",

y = asin(rx)e 7*
dy vz . vz
w - cos(mx)e " — arysin(rz)e™
b'q
= ae "[ncos(mx) — ysin(nz)]
d2
d—}; =  —yae "[rcos(mz) — ysin(mz)] + ae” T [—n? sin(rz) — 7 cos(nx)]
X

= ae "*[(y* — 7?) sin(nx) — 297 cos(nx)]
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12 Solutions: Differentiation II

1) Determine the solutions for all values of § between 0 and 27 for the following

(i)sin~'(V/3/2),0 = n/3,27/3
(i) cos 71 (1/v/2),0 = 7 /4,7 /4

(iii) tan ' (v/3),0 = 7/3, 47 /3

2) Derive the expression for the derivative of cos™!(z).

Yy = cos™! 2,80 COSY =X

dx .
— = —sin
dy Y
dy 1
dx ~ siny
d 1
d—z:—sz,aS sin2y—|—coszy:1

3) Differentiate the function y = zsin™*(z) with respect to z.

y = xsin~!(x)

dy __1()+ T
— =sin” " (x) + ——
dx m

4) Calculate functional form of the radius of curvature of the function y = 2 — 2

;.
Given this result, calculate the radius of curvature of the function at the point

corresponding to z = 1.

{1+(%)2]3/2

d2y

dx?
dy 2
12
dx 2
dy .o 4 4
V2 oy =
(dx) + 4 + 2
d?y 4
dx? 3
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Atz=1,R=—(2+4+4)%2/4=—/1000/4 ~ —7.91(2d.p.).

5) Calculate the radius of curvature of the function y = 3z* — zsin(x) at the
point corresponding to z = 0.5.

[1 N (%)2}3/2

R="—g
dx?
d
d_y =1223 —sinz — xcosx
X
d2y

—5 = 36x? — 2 cosx + xsinx
dx

Atz = 0.5, ¥ = 0.9913(4d.p.) and y” = 7.0044(4d.p.), so R = 0.3986(4d.p.).

N.B. If you computed the radius of curvature using radians, then you will have

obtained: y’ = 0.5818(4d.p.) and y” = 7.4845(4d.p.), so R = 0.2069(4d.p.).

6) The function y = e 3% sin(x) describes a damped oscillator. Calculate the

radius of curvature of this function at the point corresponding to x = 1.
3/2
)"
d2y
dx?
y =e 3 cosx — 3e T sinx
—3z

R:

3

1"

Yy’ = -3¢ 3 cosz —e 3

Tginx — e cosz + 9e > ginz
n __ =3z
y' = (

8sinz — 6 cos )
Atz =1,y = —0.09878(5d.p.) and " = 0.17375(5d.p.), so R = 5.83984(5d.p.).

7) Calculate the positions of the turning points of the function y = 22 + 22 +1,
and identify the nature of the turning points. Sketch the functions y, %, and

%, noting the turning points.
y =2z +2
y// — 2

The turning points are at positions that satisfy 3y’ = 0, so there is a single
turning point at x = —1. The second derivative is positive at this value of x, so
this turning point is a minimum. See Figure 1 for distributions of y, ¢’ and y'r.

8) Calculate the positions of the turning points of the function y = e~ cos(x)
between x = 0 and x = 27. Identify the nature of the turning points and sketch

2
the functions y, %, and iTZ noting the turning points.
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Figure 1: Distributions of y (solid), %y( (dashed), and 327%' (dotted) for Question
7.

Just as for cos(z), there will be two turning points, and two points of inflection
to determine.

/

y = —e *(sin(x) + cos(z))

y" = 2e " sin(x)
The turning points are defined by y’ = 0, which is satisfied for sin(z) = — cos(z).
Recalling that sin?z + cos® z = 1, we see that this is satisfied for 2 cos? z = 1.
So there are turning points at 135° (2.356 rad.) and 315° (5.497 rad.). The
first of these is a minimum, the second is a maximum. The points of inflection
are defined by y” = 0, so when sin(xz) = 0. These occur at 0 and 180° (0 and 7
rad.). See Figure 2 for distributions of y, ¢’ and y”.
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| 2.0*exp(-x)*sin(x) |
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Figure 2: Distributions of y (solid), % (dashed), and 32732’ (dotted) for Question
8.
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13 Solutions: Differentiation III

1) Find all first and second partial derivatives of the function z = 23+ 3yz? —Ty.

0z 9
o 3x° + 6y
0%z
0%z
ZZ _6
dyox "
0z
— =322 -7
Jy v
P _
oy2
0%z
22 _6
Ox0y *

2) Find all 1** and 2"¢ partial derivatives of the function z = Az? sin(zy).

% = 2z Asin(zy) + Az?y cos(zy)
X
0%z 22y
52 = (24 — Ay“z?) sin(zy) + 4Azxy cos(zy)
X
82Z 2 3, o
Dyox 3Azx” cos(xy) — Az”ysin(zy)
o = Aa® cos(ay)
oy = x° cos(xy
2
g_yz = — Az sin(zy)
aZZ 9 3 .
Ty = 3Ax” cos(xy) — Az°ysin(zy)
X0y

3) Find all 1°* and 2"¢ partial derivatives of the function s = t3 — 222t + 71n(¢).

0s 9 9
— =3t*"-2 t
5t 3 =+ 7/
%s 5
o —6t—T/t
e 6 7/
9%s
g5 _ 4
axart ¢
ﬁ = —dxt

ox
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9%s
e -
0%s
=4
otox v

4) Calculate the total differential of z = ylnx + 3z siny.

0z 0z
0z = 6—y5y + &533
% =Inz+ 3z cosy
dy
0z .
p =y/x+ 3siny

0z = (Inz + 3z cosy) oy + (y/x + 3siny) oz

5) Calculate the first and second partial derivatives with respect to 6 and ¢ of
the function defined by z = 2z + y, where x = g(0, ¢), and y = h(6,¢). Then
evaluate these derivatives given that = = 63 + 3¢ and y = 0sin(¢).

% =602 +sin¢
g—; =6+ 6coso
% = —fsin¢

6) The Boltzman probability distribution for the energy spectrum of blackbody
radiation at a given temperature 7T is

1
P(E _ _~ —E/(T)
BT = 57° ’
where k is Boltzman’s constant. Calculate the total differential of P(E,T) and

hence 0P/ P.

opP opP
orP = a—TdTJra—EéE
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8_P = a—P@Whereu*L
T ~ HudT kT
1
_ _ —-E/kT\ [ __*
(1= B/ (kD) )( kTQ)
) Sy
OE (kT)?

B E 1 SE \ _pr
or = <{k2T3 kT2] k2T2>
or | E 1], OF
P kT2 T kT

7) The tilt angle ¢ of the transverse profile of an positron beam in a storage
ring is related to the transverse beam sizes o, and o, through the following

equation:
205y

tan(Qw) - f(O-CE?U’y) - 0'% + 0_57
where the the x —y coupling parameter o, is assumed to be constant for a given
point on the ring. Calculate the total differential §f. In the PEP-II storage
ring, the beam sizes of the positron ring are o, = 100pm and o, = 5um. If
the measured value of o, changes by 1%, o, changes by 0.5%, and o4, = 0.1,
calculate 0 f.

of = %5030 + %503,
of B 404y0,
dox (02 +02)2
of 404,04
9o, ~ @+l

404y

m (Um(SO'x + Jy5ay)
Y Y

of =

Given the values of o, oy, 04y, 004, and do, above, we can calculate

0.4
§f = ———— (1001 02
f (1002+252)2(00* +5%0.025)

—3.985%x1077
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14 Solutions: Series

Note the following are useful (alternatively you can construct the expression for
a series from first principle):

2 23 g4
_1+x+7+§+7+
L 3 b
blnxfxfg‘{’a*

z? ozt
coaxflf—Jrzf

1) The proof of the sum of n terms in an AP is;
Sp = a+(a+d)+(a+2d)+ (a+3d)+ ...+ (a+ [n—1]d)
28, = a+(e+d)+(a+2d)+(a+3d)+...+ (a+[n—1]d)
+a+n—1d)+(a+[n—-2]d)+...+a
= (2a+n—-1d)+ 2a+n—1d) +...4+ (2a+ [n—1]d)
= n(2a+ [n—1]d)
S, = g(2a+[n—1]d)

2) The proof of the sum of n terms in a GP is;

S, = a+ar+ar’+ar®+... +ar™Y
rS, = ar+ar’+a’+...+a”
Sp—rS, = a—ar"
5. — a(l —r")
1—7r

3) Write down all terms of the series 25:1 x(x +1)%

5
Y@+ ) =x@+1) +a@+ 1) +a@+1)° +al@+1)* 4zl +1)°

4) A Maclaurin series is given by

F(@) = FO) + F )z + [ (0) 5 + £7(0)5; +f””<>4!+'~
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i) The maclaurin series for sin(x) is built from the following;

f(x) ==xsin(z), so, [f(0)=0
H(x) = xcos(x) +sin(x), so, f1(0)=0
f(x) = 2cos(x) — wsin(z), so, fH(0)=2
(z) = —3sin(z) — wcos(z), so, fHI(0)=0
(z) = (z)
(z)
(z)

fIII

fIV

x
—4cos(z) + xzsin(z), so, fIV(0)=—4
fY(z) = 5sin(z) + wcos(z), so, fV(0)=0

fY1(z) = 6cos(z) — zsin(z), so, f1(0)=6

xT

(1)

So we can write the Maclaurin expansion for z sin(z) as f(z) = 22— g—? + 905—? +...
ii) f(z) = e*sin(z), again write down the first three non-zero terms of the
Maclaurin Series expansion for this function.

f(z) = e"sin(z), so, f(0)=0
f(x) = e®(cos(z) +sin(x)), so, fI(0)=1
f(x) = 2¢® cos(z), so, fH(0)=2
fH (z) = 2e%(cos(z) —sin(z)), so, fI1(0)=2

and we can write the approximation for f(z) as

23
flx) ~x+a2®+ 3
If you start by multiplying together the known Maclaurin series expansions for
the functions e® and sin(z), you will end up with the same result.
iii) f(z) = (z2+1)e?, again write down the first three non-zero terms of the
Maclaurin series expansion for f(x). The Maclaurin series expansion for e” is
known:

2 3 4

o _q T T T
= +CL’+§+§+Z+...
and from this we can work out
) 2t g5 46
z?e® = 2% 4 23 —1—54—3 +E+”'
So,
BT
(1+x2)ez:1+x+?+7+...

If you try to derive the series using the usual method, you will obtain the same
answer shown above.
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5) The general form of a Taylor series expansion is

1) = flay+f @) e—ay+ ) g ) E o ) O

and the first four non-zero terms of the Taylor series expansion about z = 7/3
for cos(x) is given by

f(z) = cos(xz), so, f (g) = %

fl(@) = =sin(2), so, f(5)= e
1 (z) = —cos(x), so, fH (g) _ 7%

3

F11(@) = sin(a), so, g1 (T) =¥
3 2

So we can write the Taylor series expansion as

_ﬁ(x_ﬁ)_l(r—%)2+@(x—%)3
2

1
2 2 3 2 2l T

cos(z) =

i) Using this expansion, we can estimate the value of cos(7);

cos () 1.3 (-Z) 1) VB
4 2 2 12 2 2! 2 3!
1
~ 3 +0.22672 — 0.01713 — 0.00259

~ 0.70700

whereas the full series expansion (or a calculator) gives a result of 0.707107.
ii)Using this expansion, we can estimate the value of cos(1.0);

1 V3 1 (~0.0471976)2 /3 (—0.0471976)°
cos(1.0) = 5 - \/7—(—0.0471976) - 5% ‘é%
~ 0.5+ 0.040874 — 0.000557 — 0.000015
~ 0.540302

and using the full series expansion gives the same result at this level of precision.
6) Write down the first four non-zero terms of the Taylor series expansions of
i) e® about & = 1; The Taylor series expanded about a point z = a is

a)? (z—a)’

1) = f(@) + (@~ (o) + £ .

= @) + ...

f(a) +
so for f(z) = e®, with a = 1, we have
f(z) = e
flla)=c"
fn(x) = €%,
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SO
fl)=e
f)y=e
fr)=e
, and thus

f(x)~6(1+(x1)+(x1)2+(x1)3+...>

2! 3!

You can check if the result is sensible by substituting in z = 1 to the above

expression, and you get back e as expected, and similarly for values of x near 1.
ii) e” cos(z) about x = Z;

f(x) = e%cosx
fl(x) = e%(cosx —sinx)
() = —2e"sinx
f"(x) = —2e%(cosz +sinz)
f""(x) = —4e®cosx
" (x) = —4e*(cosz —sinx),
S0
fa2) = 0
flm/2) = —e?
f'(x/2) = 2072
f(rf2) = -2
f"(x/2) =0
f7(m2) = 4e™2

Hence we can write the first four non-zero terms of the Taylor series expansion
as,

f(z) ~e™/? ((x —7/2) — (x —7/2)* - % + 310(x7r/2)5> .

7) Write down the general form of the binomial series expansion:

RN FILUEI UL R
Using the first three terms of a binomial series expansion, estimate the following
quantities and compare with the results obtained from your calculator:

i) v0.95 ~ 1-0.05/2—0.0025/8 = 0.97469(5d.p.) which compares to 0.97468
(5d.p.) from a calculator.

ii) v1.15 ~ 140.15/2—0.0225/8 = 1.07219(5d.p.) which compares to 1.07238
(5d.p.) from a calculator.

f(:p):(1+x)":1+nx+n
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15 Solutions: Complex Numbers

1)
i)i? =1,
ii) % =4,
iii) 3i11 = —3
iv) il3 =4
2)
) (2+30) + (5+Ti) = T+ 104,
i) (24 3i) — (54 7i) = —3 — 4,
iii) (24 30)(2 — 3i) = 4 + 6i — 6 — 92 = 13,
iv) (3 5i)% = (3 — 5i)(9 — 30i +25i%) = (3 — 5i)(—16 — 30i) = —198 — 10i,
v) 35 = LoSCIEn — 134 6i+ 5i — 10i%) = (7 + 119) /5.
3)

i) 7+ 10i = /149095997
ii) =3 —4i= \/gezx.on’

iii) 13 = 13, |
iv) —198 — 10i = 198.25¢319%,
V) (=7 —114)/5 = YIT01.004i,

4) (=2 — 5i)(3 — 2i) = (—6 + 4i — 15i + 10i%) = —16 — 11i.

1 1 1 1) 1 i i 2 1 1 1 1 .
5) (5 - %Z) (*5 + 7#) = TitaaTaE Ve T (7 + %)*(m + m) I
6) (6 —2i)(1 —i)(2 — 2i) = (6 — 2i)(2 — 4i + 2i%) = —4i(6 — 2i) = —8 — 24i.

i 1= (149)(1—%)

7) L6=2i _ (6=2001-0) _ 67617221'+2i2 =2 4.

i ) = 5.225(1 + 1)

8) eXim/4 = e2e™/4 = €2 (cos T +isinT) = €2< s+ 7

(3d.p.).

o

9) 3 —2i =re? = r(cos +isinf). r = /(32 +2%) = V13, and 0 = arg(z) =
arctan(—2/3), so § = 5.695 (3d.p.). So we can write the complex number as
V/13(cos 5.695 + i sin 5.695).

10) If = = 4(cos T +isin T ), then the square roots of z are \/z = 2¢'™/6, 2¢777/6,
The principle root is the one closest to the real axis, which is \/z = 2¢im/6

11) 2z = 3(cos /6 +isin7/6), so z* = 34™/6 = 81(cos 4% +isin4F) in polar
form.
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12) From question 10, z = 3 —2i = /13¢326:3% = /1356950 g5 23 —
V/13¢4(5:6950+27m)/5 \where m = 0,1,2,3,4 are the roots of z for 0 < arg(z) <
27. So the solutions are: z5 = V/13el-13% /1323961 1)/133-653i 10/1304.9096i 10/73,6.1662i

where the last of these is the principle root.

13) As z(x+y)+x — yi = —1 — 37, we can match the real and imaginary parts,
giving 2?4+ zy+2 = —1 and y = 3. So 22 +4x = —1 and therefore x = —2++/3.

14) Starting from the amplitudes

Ay = ae'®r,
A2 = b6i¢2,
we can calculate the total probability amplitude as A = A, + Ay = ae®' +be'?2.
So the probability is given by
P(4) = AA*
= (@€' + be'?) x (ae'® + be'??)*
= (aei‘ﬁ1 + bei¢2) X (ae_id’1 + be_wz)
= @2e(P1=01) o gpei($1=02) 4 gpei(d2—¢1) 4 20i(d2—¢2)

= a2 4 abel(P1792) | gpei(d2—d1) 4 p2

If ¢1 = ¢o, then P(A) = a® + 2ab + b>.
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16 Solutions: Integration I

1) Evaluate the following integrals:
i) [ cos(rz)dx = Lsin(rz) + C.
ii) [ asin(rz)dx = —< cos(mz) 4 C.
iii) [ 7sec?(rz)dx = tan(rz) + C.
iv) [2dx=2In|z|+ C.
v) [ae? + 1dx = %e"* + 2 4 C.
vi)

ﬁ/(z’a7L+.T)2dX _ B/ 20m om+1 +$2)dX,

20m+1 2xan+2 1,3
— C.
B[Qan+1+an+2+3 +

2) Evaluate the following integrals:
i) [sin(z) cos(z)dx; Integrating by parts, taking u = sina and ¥ = cos()
gives

du
— = cosx
dx
v = sginz

/sm(ac)cos(a:)dx = uv— v&dx

= sin?z— /sin x cos rdx

1
SO /sin(x) cos(z)dx = 3 sin?x + C.
i) [« igl((:”;)) dx. Thisis of the form [ f’/ fdx, so the solution is straightforward.
i azg;gg dx = =2 In|cos(mz)| + C.
iii) | ;’;;;’;f 920 dx. This is of the form [ f’/fdx, so
3z + 4z -9 3 9

iv) [(4z + 3)e (2% +37) gy
letu = 222 + 32

d
U + 3so substituting back we have

dx
/(4z+3)e(2m2+3m)dx = /e“du
= "+ C
€2$2+3$ + C
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v) —a‘;l}ff,b_:ldx; Solve this as before, to get the solution

b bx
/%dx:ln|aebw+1|+c
aeb*

vi) %dx This is of the form [ f’/fdx, so

/ Oé’eram_l “’ﬂ

:1 an
2o 1 Ba dx =1In|z®" 4+ fz|+ C

3) Evaluate the following integrals:
i) IW?)(z-M)dX'
3 A B
(x—1)(x+4) Tr-1 +x+4
3=A(x+4)+B(z—-1)
ifz = 1then A = 3/5
if t = —4then B = —3/5,s0

3 3 1 3 1
/(x—l)(z+4)dx B g/m—ldx_g/x—l—éldx

_ g(ln|x—1|—ln|x+4|)+0

i) [ 7r2_§x_3dx.

1 1 _ 4, B
2222 -3 (2+1)(x—-3) z+1 2-3
ifr =—1thenA=-1/4

ifz =3then B =1/4,s0

1 1 1 1 1
/z2—2x—3dx - Z/x—3dx_1 cc—l—ldx

1
= Z(ln|z73|fln\x+l|)+0

4) Integrate the following by parts:
i) [ e®sin(z)dx;

u=e
v .
— =ginz
dx
du

_:ex

dx
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V= —CoSx
du
e’sin(z)dx = ww— [ v—d
[ e sintaax [ o
= —¢ccosx+ / e” cos xdx
Integrate by parts again
u=e"
dv
— =coszx
dx
du_ .
dx
v =sinx
/ez sin(z)dx = —e"cosz+ e”sina — /eI sin zdx
em
/em sin(z)dx = T(Sinx —cosxz)+ C

ii) [z cos(z)dx;

u=1x
dv
— =cCosz
dx
du
— -1
dx
v =sinx

/xcos(x)dx = :csina:f/sinxdx

= gxsinx + cosx + C.

iii) [ @ sec?(x)dx.

U=

dv 9
— =sec’x

dx
du
1
dx
v =tanx

/xsecQ(x)dx =ztanz — /tanmdx

which we have to integrate to solve. Note that [ tanzdx = [ in—sidx = —In|cosz|+

C'. You can satisfy yourself that this is true by differentiating In | cos z|.

/:Jcsecz(ac)dx =ztanz + In|cosz| + C



Solutions: Integration I — Dr A. J. Bevan 33

5) The Boltzman probability distribution for the energy spectrum of blackbody
radiation at a constant temperature 7' is given by

1
L -m/em),

PB) =37

where k is Boltzman’s constant. Calculate the average energy of the distribution
which is given by
fooo EP(E)dE

IS P(E)dE

o0 (o] 1
P(E)dE = — e E/FT qE
/0 (E)d /0 oTC d
_ _[e—E/kTro

=1

<E>=

0

o >~ FE .
EP(E)dE = / — e P/RT g

_ [EefE/kT}

+ /oo e*E/deE
0 0

[ee]

= [0 0] = kT [e~F/T]
= kT

0
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17 Solutions: Integration II

1) Determine the reduction formula for I,, = [ z"sin(yz)dx. Hence evaluate

Iy = [ 23 sinazdx. In order to determine the reduction formula, we need to
integrate by parts.

= sin(yx)
d_ll n—1
=

v =——cos(yx
5 cos(rz)
n
I, = L cos(yz) + L /:17”71 cos(yzx)dx
Y v

and we can integrate [ "' cos(yz)dx by parts as follows

u=az""?
d
d—:{ = cos(yz)
d
i — (n 1)1'”_2

1.
v = —sin(yx
 sin(yz)

n

71 . _ 1
/:Jc"_l cos(yz)dx = roomor o /x"‘Q sin(yz)dx
v Y
SO L
" nx™” " sin(yx n(n—1
I, = ——cos(yx) + 5 (vz) — ( 5 )In,z
v v Y
So this can now be applied to determine I3:
z3 32 sin(vyz 6
Is = ——cos(yx)+ # - =0
Y Y Y
1 0
L= T cos(yr) + SO0
v Y
3 2
x 6z 3z 6
Is = (— + —> cos(yz) + <— - —) sin(yz) + C
v ? oot

Iy = (—2°+6z)cos(z) + (3z* — 6) sin(z) + C.
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2) Determine the reduction formula for I, = f x"e*dx. Hence evaluate Is =

f x2erdx.
uw=z"
d_V = ¢i®
dx
du _
—’I’LI” 1
dx
eT
V= —
vy
I, =
So
IQei'ym
I, = -
vy
xei'yz
L = — —
vy
So

n ,iyxT

z"e n
1y 7y

et n
iy iy
2

- —1I
Yy

,i / e dx
Yy

x2eT 2peT  2peir®

I, = —
vy

2 )

3) Evaluate the integral | sin® zdx.

/ sindzdx =

+C

/sin z(1 — cos® z)dx

/ sin xdx — /sinx cos? zdx

Now if we integrate sin« cos? 2 by parts,

U
du
dx
dv
dx

v

/ sin z cos® zdx

= COS2 T

= —2sinzcosx

= sinz

= —COosw

= —cosPz—2 / sin z cos® zdx

= —= COS3 €T
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So

1
/sin?’xdx = fcosx+§cos3x+0

4) Evaluate the integral [ cos? zdx.

1
/c0s4:1;dx = Z/(1+c052x)(1+c052z)dx

1 2

= 1 1+ 2cos2x + cos” 2xdx
1 /3 1

= Z/§—|—2cos2:z:—l—§cos4xdx

3z n sin 2x n sin4x
8 4 32

+C

5) Evaluate the integral f::oﬂ/Q ydx, where x = sinf and y = 0.5 cosf

dx
dé

0=m/2 1 0=m/2
/ ydx = —/ cos? Ad6
9=0 2 Jo—o

O=m/2
_ / 1+ cos 206
0=0

[0 + % sin 29}

= cosf, sodx = cosfdf

/2

0

ol Bl &

6) Evaluate the integral f;joﬂ ydx, where z = a’ and y = 1/(a’ Ina), where a
is a constant.

dx

7 =d’Ina
O=m O=m 1
/ ydx = / ——dx
0=0 o=0 a’Ina
O=m 0
1
_ / aa naou9
9—0 a’lna
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7) Calculate the area bounded by the curve y = % + 3sinz and the z axis
between z = 1 and x = 2.

x=2 y:%JrB sinx
/ / dydx
=1 y=0
r=

2
= / — 4+ 3sinzdx
z=1 &

r=2
=1

(In2—-3cos2) — (Inl —3cosl)
0.69452(5d.p.)

I

= [In|z| — 3cosz]

8) Calculate the area bounded by the x axis and the curve y = e~%/7sin(z)
between z = 0 and x = 27.

z=2n py=e */T sin(x)
/ / dydx
=0 y=0

=27
= / e~ /™ sin(z)dx

=0

I

which we can integrate by parts

u = e—x/ﬂ'
du 1 o
dx T
dv .
— = sinz
dx
v = —COSX

=27
I = / e /™ sin(z)dx

=0

=27 1 =27
= {f oS xe‘z/”} - = / e~ /™ cos(z)dx
=0 ™ Jr=0

The last term can be integrated by parts as before (taking u as the exponential),

=27 1 =27 1 T=27
I = |—cosze ™™ — = |sinze /™ - = e~/ sin(x)dx
=0 ™ x=0 7T2 =0
=27 1 =27 1
I = [— cos xe_m/”} - = {Sinme_x/’r} — —21
=0 i x=0 Y

71_2 1 =27
= —— | =sinz+cosz ) e ®/"
1+72 [\ om0

2(e2 —1)
T2 +1
—  0.78509(5d.p.)
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9) Calculate the RMS voltage of an AC power supply with V() = Vj cos(wt),
between ¢ = —7/w, and ¢ = w/w. Here the constant w is the frequency of
oscillation, and the constant V} is the peak voltage.

Veams = v< V2>

- ! /V2dt
b—a b

VZ = Vicos?(wt)
V2 71'/(.4)
<V?> = u}—0/ cos® wtdt
2m —7/w
2 w/w
= %/ 1 + cos 2wtdt
4 —7/w
2 1 7/ w
= % t + — sin 2wt
47 2w —_
V2
S CORE)
4 w w
_ W
2

So the RMS voltage is Vj/v/2, which is the familiar result we expect.
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18 Solutions: Integration III

1) A charged particle produced in e*e™ annihilation is trapped in the magnetic
field of an experiment. The new particle moves with a helical trajectory according
to the following equations

T = rcost,
y =rsint,
z=ct

where the constant r is the radius of the path in the x — y plane, ¢ is a constant
corresponding to the rate at which the particle moves along the z axis, and ¢ is
time in seconds. Calculate the distance traveled by the charged particle from
t =0 tot = 7 seconds. The lectures describes how to calculate arc lengths in
two dimensions. The extension to three dimensions is trivial:

g dx\? dy 2 dz\?
— — — ) dt
/0 \/<dt> +<dt) +(dt)
e
g — rsin

dy y
— = rcos
dt

®
Il

dt
SO

s = / \/r2(51112 t + cos?t) + c2dt
0

/ V1?4 c2dt
0
TVri4e

2) Calculate the moment of inertia of a strip of uniform density p of length L
(in the x direction) and height h (along y) about the y axis.

dl = 2%dm
dl = pz?dA

/dI /px2dA
=L y=h
I = p/ / r?dydx
z=0 y=0
z=L

= p/ . 2% [y)!=} dx
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z=L
= ,oh/ x2dx
=0
.’L’B z=L
- »[3]
3 =0
phL?
3

3) The lamina defined by the function y = zsin(z) bounded by the x axis
between = 0 and x = 7 is rotated about the y axis to generate a volume.
Calculate this volume.

27T/ rydx
0

s
= 27r/ 22 sin zdx
0

v

so integrate by parts, taking u = 2,

2

u = x
du
— = 2
dx
dv .
— = sinz
dx
v = —COSZX

Vv

[727r:v2 cos x]g + 47 / x cos xdx
0

and we can do the integral by parts, now taking u = z,

u = z
du
= -1
dx
dv cos T
dx

v = sinw

™
V = 27 +4r(zsina]j - 477/ sin zdx
0

s

= 27° + 0+ 4r [cos z];
213 — 81
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4) The lamina defined by the function y = az+1 bounded by the z axis between
xz =0 and x = 1 is rotated about the = axis to generate a volume. Calculate
this volume, and the corresponding centroid positions T and .

dv = myldx
V = 7r/1 y2dx
y2 = a23302 + 2ax +1
V = W/1a2x2+2ax+1dx
0

1

{a2x3 5 }
s +axr® +x
3 0
2

= W[%—i—a—i—l}

By inspection, § = 0. By considering the moment of the volume about the y
axis, we can calculate T via

dVz = z(ry’dx)

1
7r/ ry’dx
0

1
77/ a’z® + 2ax® + zdx
0

Vz

1
a?z*  2ax®  2?
7
0

- 1 T3 %
_ a2+2a+1
- T T3y
So
a? 2a 1
_+__|__
5:4 3 2

. .
“C+a+1

5) Calculate the surface area generated when the laminar bounded by the z
axis, y = 2x + 1, x = 0, and « = 7 is rotated about the y axis.

y = 2zx+1
dy
-~ — 9
dx
dA = 27xds

dv ) 2
A = 277/33 1+<—y)dx
dx
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= 27r/‘_ vV 1+ 22dx
x=0

= 2\/_7r/_ xdx

o

6) Calculate the surface area generated by y from Question (4), when rotated
about the z axis.

y = ar+1
dA = 27yds
A = 2 \/1
7r/ Y + dx
dy
dx
z=1
A = 27r\/1+a2/ (az + 1)dx
z=0
ax? !
= 27T\/1+a2|:7+$:|
0

_ 27?\/14—@2{ +1}

7) Calculate the centroid position (Z,7) of the volume generated when the
laminar defined by sin(z), the z axis, z = 0 and = = 7 is rotated about the y
axis.

dV = 2mzydx
T = 0bysymmetry
/ gdM = / ydM
dM = pdV
/ ydV = / ydV
_ f ydV
YT Tav
Jy wyPdx
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So

and

SO

/ rydx =
0

u =

du

dx
dv

dx

v =

/ zydx =
0
/ zyldx =
0

u =

du

dx
dv

dx

v =

“Ro\ﬂ

sin(z)

— cos(z)

[~z cos(z)]f + /07T cos(z)dx

Hao\ﬂ

x sin(z)dx

xsin?(z)dx

sin? ()

/ sin?(z)dx

we can write sin®(z) as £[1 — cos(2z)] to calculate v:

1
5/1 — cos(2z)dx

v o=
!
— — | —
2
g L
/ z sin” (z)dx
0
:%2%—71'/4.

2

sin(Qx)]

=] Ll

43
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19 Solutions: Integration IV

b

1) Calculate the integral fx “ f::c 322 4 2y dydx.

b d
I = / / 322 + 2y dydx
rz=a Jy=c
b

/ [3x2y + yQ]i dx

/b 32%(d — ¢) + (d* — ¢*)dx

r=a

= [2%(d—c)+ (- cz)z]l;
(1 — a®)(d— &) + (b— a)( — )

2) Calculate the integral f::a fed:c qu:e 72(0 + r¢) dgpdédr.

b d f
/ / / 72(0 4 r¢$) dpdodr
r=a Jl=c =e
b d 1 f
/ / |:T'29§Z) + §r3¢2] dodr
r=a Jl=c e

b pd 2 2
/ (f —e)r?0 + fTer?’der
r=a Jl=c

I

JECED G PG CEE R
_ oo =AW ) (=) d- 9! —a')
6 8

3) The volume element of a cuboid is given by dV = dxdydz. By suitable
integration, calculate the volume of a cuboid of dimension x X y X z = 1 x 2 x 3.

dV = dxdydz

1 2 3
/ / / dzdydx
x=0 Jy=0 Jz=0

1 2
| eltaya
x=0 Jy=0

1 2
3 / / dydx

=0 Jy=0

1
3 / y2dydx
=0

v
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1
= 6 / dydx
=0

= 6

4) By suitable integration, calculate the volume of a sphere of radius R, with
volume element dV = r2 sin fd¢dédr.

dV = r%sinfdrdfde

R T T
/ / / 2 sin fd¢dodr
r=0J6=0 =—T
R ™
= / / [r2¢sin 0™ dOdr
r=0J6=0
R s
= 27T/ / r2 sin #dAdr
r=0J0=0
R
= 27 / —r? cos 013

v

5) A solid is formed by the surface z = ysin(wy) + x cos(wx), the © — y plane
and the planes x =0, z = 1, y = 0, y = 1. By suitable integration, determine
the volume of the solid in units®.

1 g1
/ / ysin(my) + x cos(mx) dydx
=0 Jy=0

where the first term is integrated by parts taking u = y, so

u o=y
d
aa _
dy
dv .
— = sginm
dy y

—cos Ty
v = —2.80

T
1 1 1
—1Y COS T 1

vV = / [u} ——/ coswydy—f—[acycoswx];:odx

=0 ™ y=0 T y=0

1

1 1

= / -+ - [sin wy];zo + x cos mrdx
z=0 T
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L
= / — + x cosmxdx
=0T

The second term is integrated by parts, taking u = z, so

u = x
du 1
dx
dv
— = cosTT
dx
sin mx
v o= , SO
T
. 1 1
1 rsinmTx 1 .
V = —+ - — sin rxdx
T T w0 T Ju—o
1 1 [ ]1
= — — —|—cosmx| _
T 7.[_2 x=0
1 2
o 72

6) A solid is enclosed by the two surfaces z = z+y and z = 22 + 3y, the planes
x=0. x=1,y=0, and y = 1. By suitable integration, determine the volume
of the solid in units®.

r=1 y=1 z:w2+3$y
/ / / dzdydx,
=0 Jy=0 Jz=z+y

z=1 y=1
= / / 2?2 4 3zy — x — ydydx,
=0 y=0

=1 2 27y=1

3
— / [(x?—x>y+ W —y—} ,
. 2 2 |,=0

v

7) A solid is enclosed by the surface z = 72 cos(mx) cos(ry), the zy plane,

and the planes z = 0, x = 0.5, y = 0, and y = 0.5. By suitable integration,
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determine the volume of the solid in units3.

0.5 (0.5 pn2cos(mzx)cos(my)
/ / / dzdydx,
0 0 0

0.5 (0.5
= 7? / / cos(mz) cos(my)dydx,
o Jo

Vv

= 77/0‘ cos(mz) [sin(wy)]g‘5 dx,

0.5
= 7r/ cos(mz)dx,
0

[Sin(ﬂ'x)]g'5 ,
= 1.

8) A solid is formed by the surface z = ye™, the x — y plane and the planes
r=0,z=1,y =0,y =1. By suitable integration, determine the volume of
the solid in units.

r=1 py=1 pz=ye *
I = / / / dzdydx

=0 y=0 z=0
r=1 y=1

= / / ye “dydx
=0 y=0
=1 2 —x y=1

= / {y; } dx
x=0 y=0

1
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20 Solutions: Fourier Series/Integrals

1) Consider the following function describing a periodic square wave potential

T
y(t) = l,OSt—O—nTga
= 0, elsewhere. (4)

Determine the Fourier series corresponding to this function. By inspection Ag =
0, however one can also show this by performing the following integral

2 (172 2
A, = T/o cos (%t) dt
1

sin 2n7rt "
= _ 1 _—
nmw T 0

sin(nm) — sin(0)

= 0,Yn.

2 (T2 [ong
Bn = f A sSin <Tt) dt
1 2n7rt /2
= — |—cos|—
nmw T 0

— cos(nm) — cos(0)

So

nmw
1
_ cos(mr)’ .
nmw
where B,, = 0 for even n, and B,, = 2/nx for odd n. The constant term Ay is
given by

A 1 T/2
J::———/ s
2 T/2-0 J,

=1

and as we have been integrating over half of the period, then we must halve our
result (as in the lecture notes) to obtain the correct value of Ap/2 = 1/2. So we
can now write the Fourier Series as

1 X [1-cos(nm) . (2nm
v = g+ {T sin <Tt>]
1 2 . 2
= —+ —sin(27t/T) + — sin(67t/T) + ...
2 7 3T

Figure 3 shows the first few harmonics of this Fourier Series.
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y(t)
y(t)

-

p

5
5

-

2

y(t)
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Figure 3: The square wave pulse defined in Question 1 shown over two periods
from t = —1 to t = 1. The corresponding Fourier series for the square wave
potential is shown (left to right, top to bottom) including terms up to n =1, 3,
5,7,9, and 51. The parameter and T is set to 1 for these plots.

2) Calculate the fourier transforms of the functions (a) y = sin(27t/T") and (b)

.2 . . . .
y = e~ . The solutions to these is a standard result related to those given in
the lectures:

y = sin(2nt/T)

5(u+ %) (-2

Y(u) = T

1
2
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and for

2
x

y=e"

Y (u) = 2y/me ™™

3) Calculate [*_ 6(z — 1) f(x)dx, where f(z) = 3z sin(rz/2).

/_00 oz —1)f(x)dx = 3/_00 0(x — 1)z sin(rz/2)dx

= 3sin(n/2)
3

50



