NATURAL SCIENCES TRIPOS Part II
ASTROPHYSICS Examinations: 6, 8, 9 & 10 June, 2011

Astrophysics Constants and Formulae

Available for examinations in the Natural Sciences Tripos Part IT — Astrophysics

Physical Constants

velocity of light c= 2998 x 108ms~!
Newtonian gravitational constant G = 6.673 x 10~ ''m3kg=1s2
Planck’s constant h = 6.626 x 10734Js
fi = 1.055 x 10734Js = h/27
Stefan — Boltzmann constant o =5.671 x 10°8Wm ?K~* = ac/4
gas constant R = 8.314 Jmol 'K~1 R* = 10°R
Avogadro’s number Na = 6.022 x 10**mol !
Boltzmann’s constant k = 1.381 x 107 2JK ! = R/Nx
atomic mass unit my = 1.661 x 10~27kg
proton rest mass mp, = 1.673 x 107 2"kg
= 938 MeV
neutron rest mass my = 1.675x107%kg  (my, —m, = 1.29 MeV)
= 939 MeV
electron rest mass me = 9.109 x 1073'kg  (m,/m. = 1836)
=0.511 MeV
classical electron radius re = 2.818 x 10~ 1°m
Compton wavelength Ao = 2.426 x 1071?m = h/m.c
Thomson cross section or = 6.652 x 1072°m? = (87/3)r?
inverse fine-structure constant a~1=137.0
radiation density constant a = 7.566 x 107 10Jm?K~* = 87°k* /15¢3h3
electronic charge e =1.602 x 10~19C
Bohr radius ag = 5.292 x 107" m = h? /7pgc?mee?

temperature of triple point of water Ti, = 273.16K
vacuum magnetic permeability to = 47 x 10~ "Hm ™' (exact)
vacuum electrical permittivity €0 = 8.854 x 107 12Fm ! = c_2u51

ionization potential of hydrogen xu = 13.598 eV
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Conversion Factors
electron volt
erg

year

Astronomical Measures
astronomical unit

parsec

light year

solar mass

solar radius

solar luminosity

solar effective temperature
absolute magnitude of sun
distance modulus

Earth mass

Earth radius

Vector Relations

1leV = 1.602 x 10~19]J
lerg=10""J
1yr =3.156 x 107s

lau = 1.496 x 10*'m
1pc = 3.086 x 10'%m
1ly = 9.461 x 10'°m
1My = 1.989 x 103%kg
1Re = 6.960 x 108m
1Le = 3.90 x 10*°W
d780K

My = 4.83

m — M = 5log,g D —5
1Mg = 5.976 x 10%*4kg
1Rg = 6.371 x 10%m

AA(BAC) =B (A.C) — C(A.B)
Ve(pA) = ¢V A + AV
VA(GA) = ¢VAA — AAV
V(A.B) = (A.V)B + (B.V)A + AA(VAB) + BA(VAA)
V.(AAB) = B.VAA — A.VB
VA(AAB) = ( V)A — (A.V)B+ A(V.B) — B(V.A)
Va(Ve) =
Ve(VrA) =
VA(VAA) =V (V.A) - VA
AN(VAA) = % (A.A) — (A.V)A

Stirling’s formula:

Inn! ~n(lnn —1) asn — oo
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Maxwell’s Equations (in vacuo)

V . B - O
V . E — ,0/60
0B
VAE = ——
: ot
OE
—1
VaB =¢— +J
Ho = VA €05y +
Lorentz force density:
f=pE+JAB
Electromagnetic energy density:
1
W= (B + 1y " B?)
Poynting’s Vector:
S = E/\B/IUO
Poynting’s Theorem:
ow
= V . S - —J . E
ar

Candidates may be asked to derive any of the subsequent formulae in this booklet.

Theory of Relativity

Contravariant tensor:

63}'/m 61./77,
T/’ITLTL — TT‘S
ox" O0xs
Covariant tensor:
T oz" Ox®
mn — TS ox'™ Hx'm
Mixed tensor: 92/™ 8
T m xS
T/m — TT
" 5 0z Ox'm
Invariant:
T =T
Kronecker delta:
5 — 1 iftr=s
8 0 ifr#s



Interval:

ds?® = gmndz™dz™
Metric tensor:

9mn = Gnm, gmrgms = 675~

Magnitude of a vector:

X? = g X" X"
Orthogonality condition:

Gmn XY™ =0
Raising and lowering indices:
X" = gman, X = gman

[ ] _ 1 8gmr + 8977,7" . 8gmn
ML= 2\ Oz™ ox™ oz’

Christoffel symbols:

Ln = 9" [mn, 5]
Christoffel symbols for diagonal metric g,,,:
(m # n # r, no sums over repeated indices)

1 9¢mm 1 0¢mm
Fm":O? anm:_ g ’ anmzrzn:—g ’
20nn O™ 2Gmm Ox™
T D G, O™
Geodesic:
d%a” , dx™dz™
ds? mnods  ds
or
dui _ lag]kuj k
ds 2 Ozt
where u* = Cff;.
Absolute derivative: , , i}
DT* dT? . dx
= — 4+, 77—
Ds ds + Lk ds
Parallel propagation: .
DTt 0
Ds
Covariant derivative: 5T
1", = +1I,. 1"
) 8./1;8
oT,
Tr.s = - T,
’ ozs
Grs;t = 0
Mixed curvature tensor:
0 0
R? = —TI — —TI° rers TP T'¢
rmn 6xm ™M axn m + ™m> pm rm— pn



Non-commutative covariant differentiation:

Tr;mn - Tr;nm = R° T,

rmn
Covariant curvature tensor:
R 1 g N Pgsm  *Grm 0?gsn
remn ozxsox™  OJx"dx™  Oxs0x™  Oz"Ox™
+ gpq([rn’ p] [Sm7 Q] - [Tm7 p] [STL, Q])

Identities:

Rrsmn = _Rsrmn = _Rrsnm = Rmnrs

Rrsmn + RT‘mns + ansm — 0

Conditions for flatness:
Rrsmn =0

Bianchi identity:
Rrsmn;t + Rrsnt;m + Rrstm;n =0

Ricci tensor:
—_ B n
Ry, = Rpr = R",,..,

Curvature invariant:

R=R"

n

Einstein tensor:

1
G", =R, ~ 50/ R

Gnt;n = 0
Geodesic Deviation:
D2§’ gkdfﬂ] da' _0
D82 ]kl ds ds

Schwarzschild metric:

290G M 20GM\ !
ds? = (1 — G ) cAdt? — (1 — G ) dr? — r? (d02 + sin? 9d¢)2)

rc2 rc2




Astrophysical Fluid Dynamics

Mass:
dp
a + V. (pu) =0
Momentum:
0 1
—u+u.Vu:— -Vp-Vo
ot 0
1
+ -JAB
p
Energy:
OF
o + V.[(E +p)u] = —pQ
where ) ]
b
E=p(zu*+® = =
Poisson’s Equation:
V20 = 4nGp
Induction:
0B
— = B
5 Va(unaB)

Rankine-Hugoniot Conditions:

pP1UL = P2uU2
p1+ PlU% =p2 + ,0216%
15 pt 14 D2
Ul +e1r+ — = uy; +ex+ —
21 p1 27 P2
Bernoulli’s constant:

1 d
H:—u2+/—p+<1>
2 p

Schwarzschild criterion:

Stability requires 4 (ﬁ) >0
dr \ pY




Statistical Physics
Tds = du + pdv, v=p !
h=u+pv
f=u—Ts
g=u—Ts+ pv

_ (9lnp |l olnT 1= OlnT
n= dlnp) .’ T2 T Jlnp 5773 -\ Olnp s

S=klnW, S=kNlnZ+U/T

Boltzmann statistics:
_ glll o -1 —Pe; _ -1
W_N!“ (—ni!), ni = NZ "g;e , B =(kT)

Bose-Einstein statistics:

17 [ lgi i = 1) g
"o {W -

7

Fermi-Dirac statistics:

Density of states is h~3.

Maxwell-Boltzmann distribution:
F(p)dp = 47Tn(27rmk:T)*3/2€*p2/2mk:Tp2dp

Planck radiation law:

dy — 8th  v3dv

U@V = =8~ Chu/kT _ |

Perfect gas:
R*
p= P where R* =10°R
1
Y P
S R

Radiation:
uw=aT* p= %u

Mean free path [ satisfies nol = 1.




Cosmology
Robertson-Walker metric:
d 2
ds? = 2dt? — R2(t) | ——

72 +r? (d92 + sin? 9d¢2)

Friedmann equations:

R? kS 8rG AP

RTR- 3773
2R R?> k¢ —8nG 9
f + ﬁ -+ ﬁ == 7]3 + Ac
Conservation laws:
Dust: pR? = constant Radiation: T4R* = constant

Hubble constant:

R
H R |,
Deceleration parameter: )
~ RR
qo = _E ,

Proper distance:

dprop(t) = R(2) /Orl %

Luminosity distance for A = 0:

T . C
R(t1)  Hog}

Angular diameter distance:

dr = R*(to) {QOZ + (90 — 1) [(1 +2g02)" /% — 1} } :

dg = R(tl)T1 = dL(l —+ 2)72

Equations of Stellar Structure

dp _ _Gmp
dr r?
d
d—T = 47r?p
dL,
T - 4712 pe
dT 3kpL ..
= T ToraaiTs (radiative)
dT 1\ Td
= (1 - —) Fd_p (convective)
T Yy r

Energy released in conversion of hydrogen to helium: 0.007 mc?




Stellar Dynamics

The Collisionless Boltzmann Equation:
Df of
Dt

Cartesian coordinates: (x,y, 2)

0

of du;
81)7; dt

r=xi+yj+ik=v,i+v,j+v.k

= 0,1+ 70,j+7.k

Df _,_0of

o0 0. 0f 0f 0vOj 000 0%0f
Dt Ot Y ox Y oy 0z Oz v, Oyov, 0z v,
_of of of
Jeans equations:
ov  O0(vv;) B 3
e 0z, =0 where V—/de
v = l/f’UiClBV.
v
o, . Odwwy) 0% L[ s
5 (v75) oz, Vaxj =0 where vv; = > /vzvjfd \%
ov; __0vj o0 0 (Vazzj> 2 _ 1 — —\ £73
vy + 10 o2, az; oz, where o V/(v T;) (v; —75) fd°v
Bound orbit in point mass potential:
_a(l-¢)
"= 1+ecoso
Oort’s constants:
1 /v, dv.
Azi(ﬁ_dR)
Rg
B= 1 (E dvc)
2\ R dR
Ro
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