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Quantum mechanics of a particle in a central potential

The QWNEHE states of a particle in a central potential are described by a
wave lunction W{r, 8, ¢, ). We shall focus on quantuin states with sharply

wwmnna energy £ which, according to Section 4.3, have wave functions of the
orm

W(r, 8, ¢, 0 = y(r, 8, ¢y e E (9.4)
where ¥(r, 8, ¢) is an energy eigenfuction satisfying the eigenvalue equation

P,
—5- V2 V) ¥ = By (9.5)

This partial differential equation in three independent variables r, 8 and ¢
may .Um greatly simplified if we assume that the quantum state has, in
addition to definite energy F, definite angular momentum properties of _mum
type described in Chapter 8. In particular, if we assume that the magnitude
wm the orbital angular momentum is I = VI 1)E and its z-component
1s L. =mh, where 7 and my are quantum numbers which counld take on
thevalues/ =0,1,2.. .. andmy; = —I, ..., 1, the eigenfunctions have the form

¥(r. 0, &) = R(YY7, (0, ). (9.6)
In this equation, ¥),,,(0,4) is a simultaneoys eigenfunction of [2 and

mmmw@msm‘ Eq. (8.23) and R(") is an unknown function of r. If we substitute
Eq. (9.6) into Bq. (9.5), use the identities

P T i

vy = 180D wﬁlﬁ coslay 1 &%y
2 [ 90%  sinB ad @ gip? m%g

and

M\Mulwmmmmlm.TOOmm.WnT 1 Imqml.
96" sin838 " sin2gag?)’

ME@ Mmmwo use Eq. (8.23), we obtain the following ordinary differential equation
or R{r:

B OEeR 10+ 1)
“ o ar ti g+ V)| R=ER 6.7

By introducing a radial function u{r), defined by

Ry =", ©-8)

r

we obtain

Bt |+ e

St | V@) = B ©9)

This important equation is called the radial Schrédinger équation. It describes
a particle with angular momentum L == /I(/ + 1)/ which behaves like a par-
ticle in a one-dimensional effective potential of the form

I + 1y

Vel = 2mr?

+ V(. (9.10)

If we compare this potential with the analogous effective potential in classical
mechanics given in Eg. (9.3), we see that the first term, /(/ + 1)4*/2mr?, can
either be thought of as a kinetic energy associated with transverse motion or as
a centrifugal potential that arises from the orbital angular momentum of the
particle.

When solutions of the radial Schrédinger equation (9.9) are sought, the
boundary condition

u(r)=0 at r=20

must be imiposed to ensure that the function R(») = w(r)/r, and hence the actual
three-dimensional eigenfunction given by Eq. (9.6), is finite at the origin. In
addition, bound state solutions, which describe a particle thai cannot escape to
infinity, must also satisfy the boundary condition

ur) —»0 as r—co.

Bound states only exist if the effective potential ¥,.{(r), Eq. (9.10), is suffi-
clently attractive. We shall label these states by a quantumm number
n=9,1,2, ... which will be shown to be equal to the number nodes of the
radial eigenfunction u{r) between r = 0 and r = co. This means 2 bound state of
a particle in a central potential can always be specified by three quantum
numbers 71, / and my and that the eigenfunction has the form

R:ﬁ ;! Q.u
=

c-\xau I, my ﬁu.u mu Qwu = w.‘u:ah.mu Qwv A@H Hv
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By .%%ﬁm the normalization condition (8.25) for spherical harmonics, we can
m.m.f y mrod.z that the eigenfunction L 8, ¢} is normalized if the radial
eigenfunction uy ;(r) obeys the condition ~

0
\. 4, P dr =1
]

The energy of these bound states will be denoted E, ;. By thinking of this
energy as the sum of three terms, the average radial Eu%an energy. ﬁrmuménmmﬁ
transverse kinetic energy and the average Coulomb m,bmhmwu we uomb see that
.ﬂmﬁmm with higher [ and higher #, have higher energies. The energy E
increases with 7 because the average transverse kinetie energy is given by !

(=]
\ u1(r)
1]

and the energy m.:..: 7 also increases with 71, because the average radial kinetic
energy, which is given by

(9.12)

I+ Dt

T ty,, 1(7) dr;

o0 mw &M
uw
,\o» 2:: __Q.v I. Mwﬁn._.ﬁm 2:: _.Q.u n.r.v

increases as the number of radial nodes increases.

w&.,op.w considering the explicit expressioas for the energy levels and eigen-
?znﬁonm of a particie in a Coulomb potential, we pause and reconsider how we
obtained the radial Schrodinger equation Eq. (9.9). The crucial step was to seek
2 quantum state with definite E, L and L, for a particle in a central potential
Such states must exist because this step has had a successful outcome: it has _ma.
E Eg. G..mq which can be solved to give sensible energy &mmE\mEo.m and
eigenfunctions. Readers who have studied compatible owmmﬁdm&mnm in Chagter
7 should not be surprised by this success. In general, E, L and Z, can be taken
as m.ﬁ.mm compatible observables which uniquely define a mﬁm:mcd._ state of a
particle in a central potential.

In m.aa&o? a quantum state of a particle with definite energy in a central
potential has another observable property with a definite value. It is called
parity. BEigenfunctions with the property

Y(—1) =), (9.13)

| e .
WH mwwmmmcﬁwwﬁm meE:_»w behaviour when we considered the energy levels of one-dimensional
! ial wells in Chapters 4, 5 and 6. In general, more nodes in a wave function means higher

gnergy In QEPW:.CHH— mechanics, just as more nodes in a classical 1o ode means
£z 3 lassical formal m

H-4

are said to have even parity, and eigenfunctions with the propeity

g{—1) = —w) (9.14)
are said to have odd parity. By using Table 8.1, we can easily show that an
eigenfunction with definite orbital angular momentum given by Eq. (9.6}, ie by

{\ﬁﬂw ma Av.v = mﬂﬂu M\‘.u E‘:ﬁ.Qu Q_uvu

has even parity when I =0 and [ =12 and odd parity when /= 1. It can be
shown that, in general, the parity of a particle in a central potential is even
when ! is even and odd when [is odd.

Parity is one of the simplest observables in quantum mechanics, but, because
it is an observable with no classical analogue, it is often perceived as mysteri-
ous. Energy and parity are compatible observables whenever the Hamiltonian
is unchanged when the coordinates undergo a reflection through the erigin.
Because this is true for all Hamiltonians which do not involve the weak nuclear
interaction, parity has an important role in clagsifying quantum states in
atomic, nuclear and particie physics.

9.2 QUANTUM MECHANICS OF THE HYDROGEN ATOM

In this section we shall give a brief description of the hydrogen atom using the
guantum 1echanical concepts introduced in the last section.

Because the hydrogen atom is essentially an eleciron in a Coulomb potential
and the Coulomb potential is a central potential, bound states of atomiic
hydrogen may be taken to have definite orbital angular momentum properties
given by L = /I(/ 1)/ and L, = mfi. These states have wave functions of the
form

)wa:: Iy E..Q.u a, m? n= q\a_._._“:ac.. §,¢) exp{ — H.‘mu:: __n\_.mv
with

Um0, 8) =22 ¥, 0,6,

1y, 1)
;

where iy, (7} is an sigenfunction given by the radial Schrédinger equation (9.9)
for an electron in 2 Coulomb potential

mu

) = — ;
i) Laegr
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Specifically, the radial eigenfunction /() is a solution of the differential

equation
B &y, I+ DR &2
NﬁmﬂLﬂ ng? dmeyr Yoyt = Byt 1, (9-15)
which satisfies the boundary conditions
ty(7)=0 at r=0 andat r=co. (9.16)

The qualitative features of the energy levels given by the cigenvalue problem

mmmﬁmn.m by Egs. (9.15) and (9.16) may be deduced by considering the effective
potential that occurs in Eq. (9.15),

I+ D &

Ve(r) = -
0 2m,7? dmegr”

8.17

The shape of this potential for electrous with different values for the orbital
angular momenturm quantum number J are shown in Fig. 9.2, We see that, for
non-zero values of /, the effective potential is atiractive at large r and repulsive

mﬁ. mﬂm: r. By setting d¥,/dr to zero, we can easily show that ¥,(r) has a
minimum value of

E
Vey=——"2_ at

T+ =1 Day,

(9.18)

where ay and Ej are the natural units of length and energy in atomic physics
defined as follows: the Bohr radius “

_ [meo] # 10
and the Rydberg energy
Ep =S

The minimum given by Eq. (9.18) implies that bound states with angular

momentum L= .//(/+1)% have energies somewhere  between
E=—Ep/l{{+1) and £ =0, It alsa impiies that the spatial extent of bound

state ﬂmmﬂ?ﬁo.mosm with low angular momentum is of the order of ap and that
..Em eigenfunctions extend to larger distamces when the angular momentum
mncreases. When the angular momentum greatly exceeds %, we expect many

0.5 ; j

(1) (2) (&)

0 i NeresnstassensRsRetsRRRIRET T AN ]

Energy in units of the Rydberg energy
1
f=1
Lh
T

..H.mo 3 10 15

Distance in units of the Bohr radius

Tig. 9.2 The effeclive polential energy V.(r) for an electron in a hydrogen atom with
orbital angular momen{wm quantur: numbers / =0, 1. 2 and 3. The unit of distance is
the Bohr radius ap, defined in Bq. (9.19), and the unit of energy is the Rydberg energy
Ep, defined in Eq. (9.20). The effective potential for an electron with quantum number /
has 2 minimum value of —Eg/7(/+ 1) at r = I{/+ 1)ap which, in classical physics,
corresponds to the energy and radius of a circular orbit of an elsctron with angular

momentum L = /I(/ + )&

bound states with closely spaced energy levels that correspond to the circular
and elliptic orbits of classical mechanics.

‘We also see from Fig. 9.2 that the effective potential is purely attractive for
an electron with zero angular momentun. In classical mechanics, such an
electron simply plunges towards the proton and there are no stable bound
states. Butf there are stable bound states with zero angular momentum in
quantum mechanics, whose existence can be understood by using the uncer-
tainty principle.

The uncertainty principle implies that an electron localized in & region of size
r has an uncertain momentum of the order of i/ and an average kinetic energy
which is at least of the ordet of 2 /2m,r%. This meaps that the least energy of an
electron with zero orbital angular momentum in a region of size r near a proton
is roughly given by

i &2
Il daegr

E







As the region of localization decreases, this energy decreases because the
potential energy decreases, but eventually the kinetic energy of localization,
Wy 2mei?, increases more rapidly. As a result the total energy has a minimum

value of about

Em—FEp at ¥R .

This minimum provides an estimate of the lowest possible energy of an m_mns.o_m
with zero angular momentum in a Coulomb potential and suggests that there
are quartum bound states with energies in the range E == —Ep and £ = 0.

Energy levels and eigenfunctions

The energy levels and eigenfunctions for an electron bound in a Coulomb
potential are fouad by solving the eigenvalue problem defined by mﬁ.ﬁ:&
and (8.16). In order to focus on the physical properties of the hydrogen atom,
we shall consider the results of this mathematical problem before describing
how these results are obtained in Section 9.7. _

We shall show in Section 9.7 that an electron with angular momentum
L=/l + D% in a Coulomb potential has an infinite number of bound states
with energies given by :

Ep

E, ;1 =—
T T i1

with 7, =0,1,2,3, ... (9.21)

Mbm@cmﬁg:uuﬁwﬂ.a_.mwoﬁ_maﬁg E%im:aﬁ%zz:ﬁwmﬁ,Eummo munamw,m
levels are illusirated in Fig. 9.3, ;

As expected, there are bound states with zero and non-zero angular momen-
tum. Also the energy leveis are very closely spaced if the angular momentum is
very large, indicating a correspondence with a cotitinuum of classical bound-
state energies. i

Unexpectedly, many of the energy levels in Fig. 9.3, those with the same
value for n, 4/, have the same energy. Because of this degeneracy, the energy:
levels of the hydrogen atom are usually given as

E
By =2 (9.22)
b
W
where E is the Rydberg energy and n is 2 quantum oumber defined by W
n=mAltl. (9.23)!

This quantum number is called the principal quantum number and can take on -
the valuesn = 1,2,3,... _

Energy .@_"Q I=1 I=2 I=3 =4
0 _— e e e ==
h.a

s

E, n=2 m=1 n=90

D

B m=1 n=0

o

£, =10

Fig. 9.3 The energy levels given by Eq. G.NS for the bound states of mHM Qnﬂwwwu“
a hydrogen atom. For each value of the orbital .mumEE. momentum mﬁmn ﬁmw number
[=10,1,2,, there is an inlinite stack of energies m_:L. with radia @mmmw an num
ber n, = 0,1,2,.... Note that, because bound m\ﬁm#m.m with the same v uzmH or ﬂm _mm
liave the same energy, these energy levels are often given as B, = —Eg \zv where ommma
the Rydberg energy and n is defmed by » = n, + 7+ 1; the quantum maEﬂaMHM M celled
the principal quantum number and can E.ww.ou Em.ﬁﬁﬁmm n=1,23,....Th
continuum of unbound or ionized states with positive energy.

We shall also show in Section 9.7 that the radial mwmwu.?snnos 1)
belonging to the energy eigenvalue E,, ; has three characteristics:

(1) In Szction 5.1 we found that the o.ﬂmmn?womoum of a particle in a one-
dimensional square well with binding energy e = 7' \ 2rn falls off exponen-
tially like ™. In a similar way, the radial eigenfunction of an electron in a
Coulomb potential with binding energy

Ex 11

TR T 2m, niaj

2

falls off exponentially at large r like

Uy, 2{7) e=7/nan

(2) Because of the singular nature at r =0 of the onﬁﬁ?mﬂ potential
Il + 1)%*/2m,r*, the behaviour of the eigenfunction at small r is governed
by the orbital angular momentum and is given by

1) o P
(3) Finally, because the radial quantum number 7, mmmoam.ﬁw@ :Eﬁcﬂ. of nodes
between r = 0 and r = oo, the eigenfunction wu,, ;(r) is proportional to a
polynomial with n. zeros. If this polynomial is denoted by gy, (r), we have






R-S

tn,, 107} X P, i{T)-

By combining these three characteristics, we arrive at a radial eigenfunction of
the form

U, 1(F) = Npp,, () T e 7m0, 9.24)

WMHMM Mm.u. is a constant which ensures that the normalization condition (9.12) is

Explicit expressions for the radial eigenfunctions with low values for the
angular momentum quantum number / and low valnes for the radial quantum
E.E.EQ.. n, are given in Table 9.1, and some of these eigenfunciions are illus-
_H.mﬁma in Mﬁ. 9.4. To conform with the conventions of atomic physics these
eigenf wuﬂuoﬂm are labelied using spectroscepic notation. This notation employs
the @nuoﬁm._ quantum number # = 7. 4 [ + 1 and a letter to designate the value
o%. Ethe letter sisused for =0, pforI=1,d for /=2, and ffor I = 3. The
historical origin of this notation dates back to the early days of atomic Eﬁag

when spectral lines wete labelled s for sharp, p for prineipal, d for diffuse and f
for fundamental.

TABLE 9.1 N I il eigenf . ) .
ot ormalized radial sigenfunctions for low-lying states of the hydrogen

Spectroscopic Radial eigenfunction
notation i)
s wp ol F ”r..mlmul —r/a
0,0(r) AT €
s ugo(r) = _ lem.ﬁ L) erf2a
! (MDQ 2 (]} Eeiy) N
. 2 270N 2 /N
3s ,0(r) = —— H||h|u — L\ e
e 3\m) T2 \m) |\&)° ’
N2 3
4s u3 o{r) = ! Htmhhv Ly L (I ")t
: i | i \m) Tela) 102 \a @)
2 0109 = e (2 20
M.,...mmo an
- 8 17r r\?
3p T el e — ) &P
WO = o e m?v msv o
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Fig. 9.4 Radial eigenfunctions /() for an electron in the hydrogen atom with radial
guantum numbers 1, =0, 1, and 2 and with angular momentum quantum numbers

1 = 0 and 1. The sigenfunctions have been labelled using spectroscopic notation ns and
#p, where n is ihe principal quantum nuniber 1= A + 147 and s denotes ] =0and p
denotes / = 1. Note that the unit of distance is the Bohr radius g and that different
scales are used for eigenfunctions with different values of 7.

9.3 SIZES AND SHAPES

The size and shape of a quantum state of atomic hiydrogen can be determined
by considering the most probable locations of the electron in the atom. For a
state with eigenfunction ¥, 7 (" 8, $), the probability of finding the electron
with coordinates (r, 0. ¢) in a volume element d°r is

E\E.Lu _EC.J &, @ﬁw m_w—..
We can easily find the radial probability distribution for the m_moqou. To de

so, we use d’r = r* dr 40, where 40 = sin #d6 d¢ is an element of solid angle,
and express the eigenfunction as







ﬂ\\:-u P:c@.u Qv m&v ” Q:..'W_AD Mwuwua:.ﬁmu %v“

9.1.68 ¥ (0, ¢} is a spherical harmonic which obeys the normalization condi-
tion Eq. (8.25). The probability of finding the electron at a distance between
rand v+ dr from the nucleus is then given by

3
.E:J _.TQ - 2
—= e dr
r

\ |F 8, ) O = Jaiy P .

Thus, the radial shape of the

2

density |w, ()1

quantum state is described by a radial probability

Radial probability densities for states with s =0,1and 2 and with / = 0 and

1 are shown in Fig. 9.5. We note that the radial extent increases as 71,

increases

and as [ inereases. This may be confirmed by considering the mean radius of a

state with quantum numbers #,

and ! which is given by

0.4 Is 0.4 2p :
9.2 0.2
0
0 2 4 s 10 o 2 4 8 10
02 02
0.15 2s 0.15 3p
0.1 ] 2.1
0.0 ] 0.05
0
0 5 10 15 20 O 3 10 15 20
0.1
e 0.1 N
.05 0.05
. NAVAN
0 10 20 30 40 0 10 20 30 a0

Distance in Bohr radii

Distance in Bohr radi

Fig. 9.5 Radial probability densities for the 1s, 2s, 3s, 2p, 3p and 4p states of the
rw&.o.mﬂﬂ atom. Note that the unit of distance is the Bohr radius gy and that a different
moam is used for states with 2 different number of radial nodes.

it N\ Pt () dr
0

This integral may be evaluated by using the mathematical properties of the
eigenfunctions u,,, ;(+) to give an expression,

(P = 13 + 6n, (1 + 1)+ (7 + 12+ 3)a, .25

which explicitly shows how the radial extent increases with #. and L

By using expiicit forms for w, ;(r} and ¥y (0, ¢} we can evaluate the
probability density [, ; .., (7.8, $)* and explore both the radial and angular
shapes of a hydrogen atom state with quantum mumbers n;, £, 7. First, we note
that the angular shape does not depend on the azimuthal angle ¢ because, as
indicated by Eq. (8.26), the spherical barmonic ¥7, ., (8, ¢) has the ¢ dependence
e Thus, the probability density of the state does not change if it is rotated
sbout the z axis. This means that the size and shape of the state may be fully
specified by showing the most likely positicns of the electron on any vertical
plane that passes through the z axis, as demonstrated in Figs. 9.6 and 5.7.

In Figs. 9.6 and 9.7 we show the sizes and shapes of the 3p and 3d states of
atomic hydrogen. The 3p states in Fig. 9.6 have one radial nede and an angular
dependence given by Y1, (0, &:m with m; = 1,0 and —1. The 34 states in
Fig. 9.7 have no radial nodes and the angular shape of a state with / = 2.

< ---- --+~48 Bobr radii--------- >

<------~~48 Bolr radii--------- >

3p state with m = +1 or =1

3p state with m =0

Fig. 9.6 The size and shape of the 3p states of the hydrogen atom with a = component
of otbital angular mementum equal to mifi. These states have rotational symunetry about
the  axis. The density of dots is proportional to the probability of finding an electron on
a vertical plane passing through the z axis. These piclures were produced by selecting a
point on the plane at random and deciding to plot or nol to plot in accordance with the
value of W, ; (7. 0. nSﬁu at that point.







3d state with m=0 3d state with m=+1 or —1 3d state with m=+2 or -2

Fig. 9.7 The size and shape of the 3d states of the hydrogen atom with a z component
of orbital angular momentum equal to m#,

9.4 RADIATIVE TRANSITIONS

When a hydrogen atom interacts with an electromagnetic field, quanium states
with geantum numbers #, [/ and m7; are, in general, no longer stationary states
with definite energy, and radiative transitions between these states may take
place in which electromagnetic energy is either absorbed or emitted.

The most probable radiative transitions are called electric dipole transitions.
They are caused by an interaction of the electric field component E of the
eleciromagnetic field with the operator describing the electric dipole moment of
the electron-nucleus system. The electric dipole operator is d = —er, where r is
the vector position operator for the electron in the atom, and the interaction is
given by

mﬁu —d-E. : (9.26)
]

In the presence of this wﬁﬂ.mnmobv_ the probability for a transition between
states with quantum numbers i, [, my, and sy, Iy, my, is proportional to

| O B iy, ) S P ©27)

‘We can easily prove that electric dipole transitions always involve a change in
parity by showing that the integrzl in Eq. (9.27) is zero if the initial and final
states have the same parity. We show this by considering the effect of changing
the integration variable from r to —r. The interaction &y = —d - E changes sign,
but the sign of the eigenfunction, i, - (r) or i, by (r}, is unchanged if the
eigenfunction has even parity and it is changed if the eigenfunction has odd
parity, as shown by Eqs. (9.13) and (9.14). Thus, when both eigenfunctions have
the same parity, the integrand in Eq. (9.27) changes sign when the integration
variable r is changed to —r and this implies that the integral must be zero.

It can also be shown, by moting that the angular dependence of Fw
eigenfunctions ¥, 1.m (r) and 4, ; o, (r) are mven by .mwrmnom: EﬁﬁoEow
that the integra! in m\@. (927}, and hence the probability of transition, is
zero unless the difference Al == I — 4 is +1 or —1. This means that all electric
dipole transitions in the hydrogen atom also obey the selecrion rule

Al = 1. (9.28)

The efectric dipole transitions between low-lying states of the ﬁm&dmﬂg atom
are shown as dotted lines in Fig. 9.8, where spectroscopic notation, 1s, Zs, Zp,
etc. has been used to lzbel the levels corresponding to states with different
values for the principal quaintum number 7 and orbital angular momentum
quantum number I for example, 2s corresponds to n =2 and /=0 and 2p
corresponds ton =2and I =1. .

The transitions shown in Fig. 9.8 may be induced or sponidneous. Induced
transitions between states with energy E, and K, occur strongly ﬁ&m.: the
atom interacts with an external electromagnetic field which. oscillates with an
angular frequency w which satisfies the resonant condition

mg = T_m\.:.u_‘ - .mus;“

7

i3

Fig. 9.8 Electric dipole radiative transitions between low-lying energy levels of mﬁ.n
hydrogen atom with different values for the quantwm numbers »# and [ Spectroscopic
notation, s, 2s, 2p, ete. has been used to label the energy levels; for nxmﬁmﬂm, 2q
corresponds to # =2 and /=0 and 2p noﬂmm@oua.m ton=>2and =1 We note .ﬁ.wﬁ
the electric dipole transitions shown by the dotted {ines obey the A/ = 1 selection rule

given in Eq. (9.28).
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